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Addressee: 

• The talk addresses a philosophical comparison 
and thus interpretation of both theorems 
having one and the same subject:

• The absence of the “other half” of variables, 
called “hidden” for that, to the analogical set 
of variables in classical mechanics:

• These theorems are: 

John’s von Neumann’s (1932)

Simon Kochen and Ernst Specker’s (1968)



A few fundamental corollaries:

• The theorems imply:

The existence of quantum correlations, which 
can exceed any classical correlations (e.g. 
violating Bell (1964) ’s  inequalities)

Quantum information and the corresponding 
reformulation of quantum mechanics in terms 
of it

The phenomena of entanglement 



John’s von Neumann’s theorem

• The theorem and proof of John von Neumann (1932) 
are formulated in the context of his fundamental 
treatise devoted to quantum mechanics, 
Mathematische Grundlagen der Quantenmechanik, 
pp. 167-173

• His work elucidates Hilbert space as the 
mathematical base of quantum mechanics:

Hilbert space is as fundamental for quantum 
mechanics as the usual three-dimensional Euclidean 
space for classical mechanics

In fact, the former is infinitely (or arbitrarily) 
dimensional generalization of the latter



John von Neumann’s approach 

• He deduced the absence of hidden variables from 
the availability of non-commuting operators in 
Hilbert space corresponding to conjugate physical 
variables in quantum mechanics

• The sense of his proof is the following: 

The eventual hidden variables have to be identified 
with the conjugate quantities, and:

The conjugate quantities cannot be simultaneously 
given together with the observed and measured 
variables and they are necessarily absent in this 
sense 



Hilbert space

• In fact, once Hilbert space has grounded quantum 
mechanics, this implies the absence of hidden 
variables

• The introduction of Hilbert space as the basic 
mathematical structure of quantum mechanics is 
justified by John von Neumann by means of the 
unification of:

Wave mechanics (Schrödinger 1926)

Matrix mechanics (Heisenberg 1925) 

The representation by δ-functions (Dirac 1930)



A few properties of Hilbert space:
• Hilbert space being orthonormal coincides with 

its dual space:

• This implies its ability to represent in a 
mathematical language:

The principle of complementarity

The availability of conjugate quantities

The fact that each of the two conjugates being a 
functional of the other refers to the system as a 
whole (e.g. the elementary particle and 
apparatus), and the measured quantity only to 
the observed object



The pair of conjugates:

• Any pair of conjugates is distributed between a 
Hilbert space and its dual space as a point in each of 
them, being as complementary as coinciding

• If that is the case, and the “hidden variables” are in 
fact the conjugates, the “hidden variables” are both 
missing and coinciding with the quantities being 
measured

• Thus “No hidden variables” means both:

They cannot be measured

The formalism of Hilbert space implies that they 
have to coincide with the currently measured ones 



The pair of conjugates and each single 
conjugate

• So, any pair of conjugates is fundamentally 
equivalent to each of them, and thus the other is 
redundant

• Nevertheless, this is not an empirical or 
experimentally observable fact, but a mathematical 
corollary once Hilbert space is postulated to 
underlay quantum mechanics 

• Einstein, Podolsky, and Rosen (1935) demonstrated 
a counterexample by a thought experiment, in 
which both conjugates can be measured, therefore 
refuting Hilbert space as completely grounding 
quantum mechanics



A quantum system as both single inse-
parable one and compounded from parts
• There are “no hidden variables in quantum 

mechanics” both: 

For each “hidden variable” of any pair of conjugates 
should coincides with its explicit counterpart on a 
mathematical reason, and

For any quantum system can be considered as a 
single inseparable whole

• However if it is considered as compounded from 
parts, that consideration doubles immediately the 
variables necessary for its description:

The one half for the system

The other half for its environment 



The peculiarity of Neumann’s proof
• John von Neumann deduced the absence of 

hidden variables from a property of Hilbert space, 
the availability of non-commuting “hypermaximal” 
(self-adjoint) operators in it, rather than from the 
introduction of Hilbert space

• This implies that the counterexample of Einstein, 
Pododlsky, and Rosen, which appeared three years 
later, is out of the consideration of John von 
Neumann:

• In other words, Neumann’s proof does not include 
the case of a part and its environment 



Kochen and Specker’s theorem
• The theorem of Simon Kochen and Ernst Specker

(The problem of Hidden Variables in Quantum 
Mechanics, 1968) generalizes John von Neumann’s 
result:

• The essence of their generalization is the following:

Even if any quantum system is considered as 
compounded from parts, there are no hidden 
variables because it is equivalent to the same 
system as a single whole, and quantum correlations 
link it to its environment “contextually”



The “contextual” holism of quantum 
mechanics

• Once Hilbert space has introduced, this implies 
immediately the absence of hidden variables even if 
the quantities are not conjugate and thus their 
corresponding self-adjoint operators in Hilbert 
space commute, e.g.:

• The same and therefore commuting quantities of 
the part and of the environment do not admit any 
hidden variables, too, because:

Both part and environment’s Hilbert spaces being 
infinitely dimensional can be one-to-one mapped 
onto the Hilbert space of both and the case to be 
reduced to that of Neumann’s theorem  



The difference between the two theorems

• The section 6 of Kochen and Specker’s paper 
offers an example to demonstrate that difference

• The discussed there particular case is that of two-
dimensional complex Hilbert space. However that 
case represents a qubit:

It can be divided into two parts according to 
Neumann’s theorem (each of which is 
complementary to the other, though)

It cannot be divided into two parts according to 
Kochen and Specker’s theorem  (p. 70)



What the generalization means:
• Both any part and its environment are separately 

equivalent to the whole of both

• Thus as the environment can be considered as a 
true subset of the part as vice versa

• This excludes fundamentally for the environment to 
be separated from the part

• Quantum mechanics turns out to be inherently 
“contextual” since any quantum “text” cannot be 
distinguished from its “context” by any sharp 
boundary 

• This implies quantum correlations and all 
phenomena of entanglement



The sense of the generalization in terms of 
von Neumann’s proof is the following: 

• If the points belong to one and the same 
Hilbert space (the case of commuting 
operators), the inner product of their 
corresponding vectors can be arbitrary

• Thus they can share an arbitrary common 
subset of their bases

• This results in the “vanishing” of the 
corresponding part of the degrees of freedom 
of the joint system of non-conjugate 
quantities



About the “missing” degrees of freedom

• Nevertheless the “missing” degrees of freedom are 
in fact shared and common rather than “hidden”

• Furthermore, the part and environment can be 
anyway considered as a single inseparable 
quantum system

• If that is the case, no “missing” degrees of freedom

• All those apparently paradoxical properties of a 
quantum whole and its parts rest on the properties 
of infinity necessarily involved into the 
mathematical model grounded on Hilbert space



The sense of Bell’s inequalities
• The consideration can be interpreted as a single 

entangled quantum system implying the violation of 
Bell (1964)’s inequalities in particular 

• They define the upper limit of “classical 
correlations”, i.e. the correlation of a part and its 
environment if there does not exist one-to-one 
mapping between the part (environment) and the 
whole of both

• The necessary and sufficient condition for all similar 
inequalities is infinity to be necessarily include in 
the corresponding mathematical model 



Commensurability

• The proof of Kochen and Specker is founded 
on the interpretation of the commeasurable 
quantities in quantum mechanics as 
mathematically commeasurable sets sharing a 
common measure 

• That interpretation links both 
commensurability and incommensurability in 
quantum mechanics to same concepts in 
mathematics 



Quantum measure

• Kochen and Specker’s approac introduces 
implicitly quantum measure

• Quantum measure is able to unify quantum 
leaps and smooth changes (motions)

• Quantum measure allows of deducing 
entanglement and the absence of hidden 
variables from the core principle of quantum 
mechanics: wave-particle duality
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