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Philosophy of Quantum Information
Einsteinand G ° d éVblume J)

(Abstract)

The book is devoted to the contemporary stage of quantum mechajuesitum m-
formation, and especially to its pdsophical nterpretation and comprehensidhe first one
of a series monographs about the philosophy of quantum information. The seconchwill co
siderB e Is inegualities, their modified variants and similar to them relations.

The beginning of quantumformation was in the thirties of the last century. Its speed
development has started over the last two decades.

The main phenomem is entanglement. The subareascar@ntum computer, quantum
communication (and teleportatig@ndquantumcryptography.

The applied;Table of contentsin English displays the discussed topics and classical
papers in details. Thatodés why we are abl e
and hypotheses, and results in the suggested investigation:

1. cDualisticPythagoeanisne is a conceptiomlirected to explain the connectior-b

t

C

t ween Omat he maPythagagancsumbenicnt ua egdndr al i zZ-ed sen

cal guantitydé in a new way: they are eboth
matical structures are not more or less accidentally mere ascribed to it by people in the
process of cognition, but rather its parts in some physical relations and interactions with the
others constituting a system asvholeness. The notion of physical informoat (especially
guantum information) designates the general type of such relations or interactions. Dualistic
Pythagoeanism is such a conception which is a bridge between the dualism of quantum
mechanics and the classical philosophical dualism of subajetibbject, of reality and idea
ness, of reality and models, incl. mathematical ones.

1.1.DualisticPythagoeanism as any kind éfythagoeanism insists that idealam
thematical objects exist as an independent, but closely connected part of the wadtsBy
dering such a link, it proves ot bethe genuine philosophy of quantum information, or
more precisely, of quantum mechanics and information.

2. The suggestion of dualistiRythagoeanism is achieved e symbol othe m-
posing figures ofAlbert Einsteinand K u r t Gahdabfehke ¢lose friendship between

them situated in Princeton. The ¢spirit of

t



the conception of dualistieythagoeanismE i n s & alaéged éncompleteness of quantum
mechanis andG° déesl i nc o mp | et éeaancasthmetic im out ton beadlative
and homogenousach to other

2.1. The experimentally established completeness of quantum mechanics by refutation
of Einstein Podolsky andRoserd s conc | us i oatonafBell-typeginegegh e vi o
lities inspires the possible completeness also of arithmetic and in that way, the possible reh
bilitation of Hi | b enograt ®f an arithmetical setbundation of mathematic€an the
so-called first incompleteness theorem reterntself? Many or maybe even all the paradoxes
in mathematics are connected with some kind ofreddirenceG © d bullt his proof o the
ground of selreferencea statement which clarits unprovability.So, he demonstrated that
undecidable propogiins exist in any enough rich axiomatics (i.e. such one which contains
Peanoarithmetic in some sense).

2.2.1. What about the decidability of the very first incompleteness theorem? We can
display that it fulfills edtsitself,prowung thatibisiasa. Tha
undecidable statement. It seems talieo strange kind of proposition: its validity implies its
undecidability If the validity of a statement implies its untruth, then it is either untruth ¢redu
tio ad absurdum) or aantinomy (if also its negation implies its validity). A theory thah-co
tains a contradiction implies any statement.

2.2.2. Appearing of a propositiowhose validity implies its undecidability, is due to
the statement that claims its unprovability. Olmaly, it is a proposition of setieferential
type. By G°del 6s words, it 1s correlative wi
semantic or mathematical one. What is the cost, if a proposition of that special kind is used in
aproof?Inouo pi ni on, the price is analogous to fna
any statement turns out to be undecidable.

2.2.3. If the first incompleteness theorem is an undecidable theorem, then it is-impos
ible to prove that the very completenes$@&aro arithmetic is also an undecidable statement
(the second incompleteness theorehh). | bsepnmograt for an arithmetical sdtfundation
of mathematics is partly rehabilitated: only partly, because it is not decidable and true, but
undecidablet h a t 6bsth itvamdyits negation may be accepted as true, however ndt simu
taneously true. The first incompleteness theorem gains the statute of axiom of a very special,
semiphilosophical kind: it divides mathematics as whole into two parts: e@erd end-
themaics or Hilbert mathematicsH i | bseprograén of selfoundation of mathematic is

valid only as to the latter.



2.3.In 1992, Thoralf Skolemi nt r oduced the term of ¢rel
demonstrated by e r me &xiond@atics of set theory (incdhe axiom of choice) that there
exi st unintended interpretations of any infi
We can apply his argumentation to G°dnel 6s i
pleteness theorem (1930). Then both tleompleteness d?eanoarithmetic and the ao-
pleteness of frsbr der | ogi ¢ turn o Btk otl sesahdéeS kad Issom@ r e |
crelativityé argumentation of that kind can
can be spoken of the relatyiof discreteness and continuity, of finiteness and infinity, of
C a n ts &indof infinities, etc.

2.4. The relativity ofSkoleman type helps us for generaliziiyi n s & minciple
of relativity from the invariance of the physical laws toward diffegphisms to their ina-
riance toward any morphisms (including and especially the discrete ones). Such a kand of g
neralization from diffeomorphisms (when the notion of velocity always makes sense) to any
kind of morphism (when G&ense)iwanexteysion oftheygeneral may
Skoleman type of relativity between discreteness and continuity or between finiteness and
infinity. Particularly, Lorentzinvariance gaingonstrained validity, because the very notion
of velocity is limited todiffeomorphisms. In the case of entanglement, the physical interaction
is discrete. O0Vellowntziyrdv arnida nccoenés edqou ema tl ymadk e
simplest explanation of the argumeBP R, which turns into a paradox only if the universal
validit y o f O v elorentzit ywarainaincée 6 i1s implicitly ac
more general class of topologies is to be considered, including discrete or inseparable kinds.

25. Returning toG - d e firsh incompleteness theorem, we magtenthat he x
cluded its selreference by metamathematical consideration correlativieatskid s @o n c e
tion of truth or to his distinction between metalanguage and object language. The theorem was
formulated in metalanguage, but it could be applied omlgtatements in object language.
However the symbols of the metalanguage and those of the object language were the same.
Consequently, he involved an external hypothesis (and mayd®q to be excluded any
selfreferential use of the theorem: it shoulel dccepted as an axiom and should be admitted
the axiomatics including its negation. We cannot fulfill or prévé | bsenograt, but may
demonstrate that © d e firsband consequently second incompleteness theorem, watnch i
plies its alleged failure, isn undecidable statement.

2.6. The said may be illustrated by discussing the question aboG thel aumber

of G del Dirst incompleteness theorem. I'ts numl



number (i.e. infinity) should be ascribealits negation. Of course, we could merely postulate
that G° d e thedrem is referred to metalanguage, or metamathematics and it is the cause to
have not itsG © d auimber. Why to have not? It is formulated by the same symbols of the
object language, to wth it is referred. It as well as its negation is just a possible axiom or
originating from an additional axiom,o-e. g.
reme. The problem about its constructinvity i
a theory has an infinit& © d sumber, then such a theory might hardly be designateras co
structive. Forbidding the question about@8 d endmber, we have mere postulate that the
theory is constructive. So di® © d embplicitly: he claimed in many ptes of the paper
(1931) that his proof was constructive.
2.7.Ge nt g @mpleteness theorem of arithmetic by transfinite induction ggtil
i's very important to us. Hi s argumentation
claimed that transfinite induction (contrary to its name) is a finitary method. According to us,
it is mere the sequentiahdecidablestatementWe would prefe an c¢act uad i st eé 1
tion of it: both together, finiteness and infinity ungy, are dual and complementafyeano
arithmetic (including the principle of complete induction) can found infinity wgtheing the
metatheory or metalangua@f Gentzenarithmetic comprising both of the finite humbers
and infinite ordinalsléss tharggy). In its turn, Gentzenarithmetic (i.e.Peanoaxiomatics,
in which complete induction is generalized to transfinite induction gglitan foundPeano
arithmetic being the metatheory or metalanguge of Piano arithmetic andGentzen
arithmetic have almost the same axiomatics. Each of them can serve as metalangbage as o
ject language of the other. They are correlative each to other in the margieo kfm. De-
scribing such a case, we may introduce the term of dual (dualistic, mutual) fourdédmn
cduatlfoundatiore instead ofc s dlofundati one -aef eaeéhcaé -Scudstéa
referencee) in relation to the completeness
2.8. The common and mutually relatij@ Skoleman sense) principle of complete
and transfinite induction can be generalized¢d@snting an unity can always be added to any
(D finite or (2) infinite number (ordinal) aswell 88) bet we en etnbmberarida st e
the ¢firstée infinite ordinal (the principle
same. So, constructivism rather universalizes counting to be the base for introducing infinity,
than only to extend it over the domain on infmiA decisive point is (3). How many unities
should be added to a finite number to be gained an infinite one (ordinal): one, some or any

finite number, or infinite? How many unities should be subtracted from an infinite number



(ordinal) to be acquired anfte (one). The possible answers are the same. Is the number of
unities to be either added or subtracted the same in both directions? Choosing one or other
variant, we would introduce an axiom more, which could mo@fyntzenarithmetic. Our
purpose is artber: to comprehend just the connection between finiteness and infinity it the
terms of quantum mechanics and informatiordbglistic Pythagoreanisras its philosophy.

2.9.The phenomena of entanglement interpreted in the terms of finiteness and infinity
require infinite unities between finiteness and infinity. However such a case would be inco
sistent with the axiom of foundation. For example, what is the set whose set of subsets is
countable: finite or infinite? We should suggest a third kind of nundyessts, namely noif
nite, which are neither finite nor infinite, and they are less than the latter and bigger than the
former.

2.10. Quantum computer as a mathematical model generalizinghg machine can
be represented as transfinite calculus. Therst et least two kinds of quantum computer:
without or with entanglement. Quantum computer without entanglement can be modeled by
means of c¢al c udentsendrithmetcgcandatisenther with entanglement by a
nonfinite generalization o entzenarithmetic. Such a nonfinite generalization may be-co
sidered as an unintended interpretation or astandard model oG entzenarithmetic -
tended beyon&,. The nonfinite generalization is not difalnded withPeanoarithmetic.
Obviously, it wouldb e equi val ent to adding the set of
Lei bsi dizfof erentials (Newtonds momentsy) 1 nst ¢
sis of infinit €auchypaTheterra sf supearfimte induction will be used
about extending the principle of induction beyand The discrete nonfinite numbers (ar o
dinals) areScoleman relative to continual curvatures, or tonorthogonality between-f
niteness and infinityrespectively to any nonzero projection between them. So, we may di
cussthe nonfinite numbers asgjections of the finite numbers onto infinity, or vice versa, of
the infinite ordinals onto finiteness.

2.11. According toE mmy N o s firsh theorém (1918), the translation along
timeds axis implies energy ¢ o0n sretegSkadmamo n . | f
equivalent of timeébés continual translati on,
would be various variants of the equivalent of energy conservation. The generalized low of
conservation corresponding to superfinite induct®oone of great importance to us.

2.12. A new and maybe very fruitful interpretation of quantum mechanics cart-be ou

lined: in terms of arithmetic, logic and metamathematics. In that case, any coherence state is



reckoned as a transfinite ordinal, any egtad state as a superfinite ordinal. Measurement
and wave collapse refer to a conclusion by the method of toarsuperfinite induction. The
results of quantum mechanics and information might be interpreted into the foundations of
mat hemat i csPythagobaim!|l i st €r pr e tPuthagoearéintegpret- me r e
tione will be used in that <case.

3. The usual mathematical model of quantum mechanics uses sephbidbkert
space. It is common for all the possible states of all the possible quantuns.oBjelst one
kind of Hermiti an oper ator s, namely the qNbBuym@aen, maxi m
corresponds (by orm®-one mapping) with the physical quantities. How do the fluently
sketched outlines of theythagoeaninterpretation of quantum mechanrefer to theHil-
bert space model? The ground of corresponding between the two mathematical models is
based on the notion of dual space and itsiaathetry towards the basldilbert space e-
cording to theRieszrepresentation theorem. The dual space asplace of functionals co
responds with the finiteness, the baskidbert space with the infinity of th&ythagoean
interpretation of quantum mechanics. The idempotence of dual vector spaces corresponds
with the Skoleman relativity of finiteness and infity.

3.1. Passing beyons,, i.e. into the domain of superfinite ordinals corresponding to
the nonfinite domain between finiteness and infinity, we are forced to complicate also the
usual mathematical model of a single separabildbert space fo all the statesThat could
be accomplished in various ways, each of them partly or completely equivalent ta other
Some of t h e m Hidbereé space, insepavabldilbert space, riggeHilbert
space, the space Dfiracé s k e t Divaebcstfumations, Scwartzdistributions or gee-
ralized functions. They would be necessary describing entangled states.

3.2. The usual definition of entanglement is the following: suétildert spaceof a
given system which cannot be factorized to the tensor pradubtie Hilbert spaces of its
composed parts. We can display that the definition is equivalent to using the elements of any
set or space above ( 3Hilkert.spateaan bergpaeseptédey twaa ¢ C L
others if and only if the projection oféhone onto the other is nhonzero and consequently it
cannot be represented as the tensor product of any two others. Besides, we wouldhable to i
terpret entanglement as any nonzero projection of the state vector of a part of a system onto
another, or in othewords, as the nonadtivity of the system in relation to its parts.

4. VonN e u m asriheodem about the absence of hidden parameters in quagum m

chanics (1932) is di s cBelosse darctbiyc liet s(ell9f6e6 )a so nv



On the premis of expectation additivity explicitly disclosed later Brete Hermannn
1935 and independently from her Bghn Bellin 1966 in the context of his famous inequ
lities, Jonh von Neumanuiemonstrated that fredispersion ensembles did not existeah
reas honogeneous ensembles did, consequently, any homogeneous ensemble had dispersion.
John Bellexplained thavon Neumannhad considered implicitly only isolated systems,
towards which his theorem is valid. In fact, he, as a real mathematical physicistseliscus
only systems represented by the formalism of a single sepdtaliiert space becausene
tanglement was not yet known at that ti me.
represented rather as the condition to be used only a single sepgarbdidet space as the
formalism of quantum mechanics than as implicit expectation additivity. For example, the
theorem is necessarily true in relation to the universe, or in other words, the theorem excludes
only internal (or local) hidden parameters withoutdssing the problem of external (ormo
local) ones. Until discovering of entanglement, first theoretically then experimentally, the
hidden parameters were identified implicitly only as local or internal. Causality waseompr
hended only locally in correspdence withLorentz invariance orE i n s & general@-
variance, the c¢cprimciple of (general) relatd.i

5. Von Neumannstated thatausality was only averaging according to the law of
large numbers. He interpreted the proved by him absence oflifgerson ensembles in
guantum mechanics as the crash of causation at all so long as quantum mechanics is the
ground of our knowledge of nature. The possibility of such a claim was implicit identifying of
causality with local causality. A violation d@ e Is indualities or any phenomenon aii-e
tanglement (even without such a violation) constrains the degrees of freedom (DOF) of both
or more entangled systems. Similar constraining DOF can be defined as nonlocal causality,
and the physicajuantities of each of twor more entangled systems to be reckoned as the set
of nonlocal hidden parameters towards the rest.

6. The historical beginning of quantum information wEassteini B o hsrdébate,
the article ofEinstein Podolsky Rosen(1935), the answer dohr (1935,S ¢c h rn? d i
ges 6¢ccat parladdoxwpamperke introduced c¢ca&ershr?d
pers are discussed in detalils.

Our book offers the following main conceptions, theses and hypotheses:

I dualisticPhythagoeanism as a new kindmongthe integpretatiors of quantum

mechanicandinformation: arithmetical, logical, and metamathematical one;



T G° d e firsh incompleteness theorem is an undecidable proposition, and-cons
guently the second too.

T a partial rehabilitation oH i | bsepnogram for th selffoundation of mathematics;

i the dualfoundation of mathematics;

T Skolemianrelativity betweenC a n ts &imd® of infinity, finiteness and infinity,
discreteness and continuity, completeness and incompleteness, etc.;

T information is a physical @untity representing the neneducibility of a system to its
parts, particularly nonaddtivity.

ithere exist pure relations ¢by itselfeée,

I energy conservation can and should be generalized.

TEinssecgpdnariadance& or c¢cprinciple eof releé

neralized to cover discrete morphisms where the notion of velocity does not make sense.
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